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we apply a non-classical one. During the last two decades, the non-classical thermoelasto-
dynamic theory of Green and Naghdi enjoys steadily growing research activities.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Thermal energy can be transmitted by free electrons, by lattice vibrations (phonons) and by electron–phonon and pho-
non–electron interaction, respectively. In the second case, a wave-like energy transport can happen at very low tempera-
tures, i.e., heat propagates as thermal waves. The phenomenon is known as second sound and occurs, if phonons travel
through crystals, interact with each other and conserve the momentum (see Dreyer and Struchtrup (1993)). The name
‘‘second sound” is due to the propagation of sound waves in phonon gas causing thermal waves and also due to the similarity
in the sound wave propagation process in ordinary gases.
There exist two independent modes of wave propagation. Classical ﬁrst sound and the thermal second sound can be
observed. Until now, a wave nature of heat propagation has been observed in superﬂuids (Peshkov, 1944), non-homogeneous
materials like sand and processed meat (Kaminski (1990), Mitra et al. (1995)) and in very pure crystals (Jackson et al., 1970;
Narayanamurti and Dynes, 1972), for example. In the latter, second sound occurs at cryogenic temperatures and in the vicin-
ity of the local thermal conductivity maximum. Outside of this temperature interval, heat transport is dominated by diffusive
processes.
The classical theory of heat conduction fails at modeling the second sound phenomenon. Different non-classical theories
have been developed ever since second sound has been detected in the middle of the 20th century. The approach of Green
and Naghdi is published in 1991 and is, in the authors’ opinions, the most promising one because it exhibits the interesting
property of not necessarily involving energy dissipation and includes the classical Fourier approach as well. Second sound
develops different from the well-known diffusive thermal behavior which gives rise to new governing equations.
There exist already a number of papers devoted to the investigation of the Green–Naghdi theory. Puri and Jordan (2004)
examine the propagation of plane waves in a type-III-thermoelastic continuum. Quintanilla and co-authors present an. All rights reserved.
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and Straughan (2004).
Chandrasekharaiah (1996) studies one-dimensional wave propagation applying the linear Green–Naghdi theory without
energy dissipation. Green and Naghdi (1992) themselves publish a successive paper also devoted to the theory without en-
ergy dissipation. Bargmann et al. (2008b) investigate thermal wave propagation in one-dimensional media and derive exact
analytical solutions for the three cases (i.e., types I–III) of the Green–Naghdi theory. Moreover, the ﬁnite-time blow-up of the
nonlinear type-II temperature rate wave is tracked (in the setting of an initial-boundary value problem involving a sudden
sinusoidal input signal) and an exact traveling wave solution of a lossless, nonlinear equation, which arises under type-II
theory, is determined and analyzed.
In addition to that, the thermomechanical Green–Naghdi theory is also applied to other research ﬁelds: Jordan and Strau-
ghan (2006) investigate acoustic acceleration and temperature rate waves in gases of the Green–Naghdi type, for example.
This contribution is the extension of Bargmann and Steinmann (2006) where the discretization approach is developed and
explained in detail, but only applied to the thermostatic case. In the following, we apply the thermoelastodynamic approach
of Green and Naghdi for the computational modeling of thermal and mechanical waves.
2. The approach of Green and Naghdi
The very promising approach of Green and Naghdi is distinguished by a theory which does not involve energy dissipation
and by the full integration of the classical theory. They divide their model into three different types of heat conduction, la-
beled type I, II and III. Their theory includes the classical Fourier approach (type I). Type II allows thermal waves to propagate
at ﬁnite wave speed. Furthermore, it usually does not include any energy dissipation and therefore it is also referred to as the
theory without energy dissipation. Type III is the most general case because it includes types I and II as limiting cases. More-
over, it copes with the disadvantages of the classical theory as it is capable of modeling the second sound phenomenon and
allowing the transmission of heat at ﬁnite speed. In the following, we restrict our examination to types II and III because the
classical theory is well documented in literature.
The basic new feature of the Green–Naghdi theory is the deﬁnition of a scalar history variable a. In analogy to the
mechanical problem, Green and Naghdi call it thermal displacement. It is the time interval over the empirical temperature
T:aðX; tÞ :¼
Z t
t0
TðX; sÞdsþ a0: ð1ÞHere, X 2 R3 denotes the position in the reference conﬁguration and t 2 R the time. a0 is the initial value of a at the reference
time t0. Differentiating with respect to time reveals_a ¼ T: ð2Þ
The absolute temperature h ¼ hðTÞ is deﬁned as a monotonically increasing function of T. Without loss of generality we sub-
sequently choose T  h.
All physical processes are governed by the balance equations characterizing the state of any body. In the following, we
concentrate on the balance of entropy and the linear balance of momentum.
The linear balance ofmomentumexpresses that the change of the totalmomentumqv equals the sum over all forces acting
on the body, i.e., the sum of the surface (contact) forces t and the volume (far ﬁeld) forces b. The well-known Cauchy stress
theorem relates the surface forces to the Cauchy stress tensor r via t ¼ r  n. Application of the divergence theorem leads toq€u ¼ divrþ qb; ð3Þ
where u ¼ x X represents the linearized displacement. q denotes the constant material’s density.
The temperature equation is derived from the balance of entropyq _g ¼ divhþ q½sþ n: ð4Þ
Here, g;h; hs and n denote the entropy density, the entropy ﬂux vector, the external heat source and the internal rate of en-
tropy production. The latter has to satisfy the second law of thermodynamics, i.e., the constraint nP 0. The classical ther-
modynamic relation between the entropy ﬂux vector h and the heat ﬂux vector q, i.e.hh ¼ q; ð5Þ
can be transferred to the non-classical case, see Bargmann and Steinmann (2007).
Multiplication of Eq. (4) with the absolute temperature h leads toqh _g ¼ h  r _a divqþ qh½sþ n: ð6Þ
The localized version of the ﬁrst law of thermodynamics readsq _e ¼ r : _þ hs divq; ð7Þ
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free energy density w via the Legendre transformation e ¼ wþ hg, results inqhn ¼ r : _ q _w q _hg h  r _a: ð8Þ
As the balance equations are material-independent, constitutive equations are introduced in order to describe a thermoelas-
tic body of the Green–Naghdi type. In case of geometrically linear thermoelasticity of type II, we assume the constitutive
equations to depend on the mechanical strains , the thermal displacement a, the thermal displacement gradient ra and
the temperature T ¼ _a. For type III, we add a dependency on the temperature gradient rT ¼ r _a.
Furthermore, we assume the material to be hyper-thermoelastic. Thus, the free energy density, following Green and
Naghdi (1991) w acts as a potential for the Cauchy stress and the entropy density in case of thermo-hyperelasticity of types
II and III:r ¼ q ow
o
; g ¼  ow
oT
: ð9ÞMoreover, type II possesses the special property that w acts as an potential for the entropy ﬂux vector as wellh ¼ q ow
ora ; ð10Þsee, e.g. Green and Naghdi (1991).
The free energy density w of type II readsqw :¼ 1
2
e : E : e cq
T0
½T  T02
2
 ½T  T03wKI : e ½T  T0S0 þ k12T0ra  ra; ð11Þwhere T0; c;E;w;K and k1 denote, respectively, the reference temperature, the speciﬁc heat, the fourth order elasticity tensor,
the thermal expansion coefﬁcient, the bulk modulus and the non-classical thermal conductivity. The absolute entropy den-
sity S0 is introduced in order to scale the entropy because otherwise g would only represent the change of entropy density
and not the entropy density itself.
Type II is also referred to as the theory without energy dissipation because n ¼ w=a ¼ 0. Consequently, we obtain
r ¼ E : e ½T  T03wKI;
h ¼  k1
T0
ra;
qg ¼ cq
T0
½T  T0 þ 3wKI : eþ S0: ð12ÞInserting the constitutive equations into the balance Eqs. (3) and (4) leads toq€u ¼ divðE : e ½T  T03wKIÞ þ qb;
qc€a ¼ k1Daþ qhs T03wKI : _e; ð13Þwhich govern geometrically linear thermoelasticity of type II. Note that €a ¼ _T . Without the coupling term, Eq. (13)2 repre-
sents a hyperbolic heat equation. This allows heat to propagate as thermal waves without damping at a ﬁnite speed ofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1=qc
p
.
The constitutive equations of type III differ slightly from those of type II. The free energy density w and the heat ﬂux vector
q depend on the thermal displacement a, the temperature T, the thermal displacement gradient ra, the temperature gradi-
ent rT and the strain e:qw :¼ 1
2
e : E : e cq
T0
½T  T02
2
 ½T  T03wKI : e ½T  T0S0 þ k12T0ra  ra
q :¼ ½k1raþ k2rT: ð14ÞThis leads tor ¼ E : e ½T  T03wKI;
qg ¼ cq
T0
½T  T0 þ 3wKI : eþ S0: ð15ÞThe temperature equation of type III is derived by inserting the constitutive equations (14) into Eq. (4). After some cal-
culations and retaining only linear terms, we ﬁnally obtainq€u ¼ divðE : e ½T  T03wKIÞ þ qb;
qc€a ¼ k1Daþ k2D _aþ qhs T03wKI : _e: ð16Þ
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tion. If the thermomechanical coupling term is ignored, the resulting temperature equation might be hyperbolic or parabolic
depending on the values for k1 and k2.
3. Discretization
We apply a Galerkin ﬁnite element method in order to discretize the partial differential system of Eqs. (13) and (16). We
use a semi-discretization technique and resort to a ﬁnite element method for the spatial as well as for the temporal discret-
ization. In space, a standard Bubnov Galerkin method is used. We interpolate the primary unknowns (i.e., the thermal dis-
placement a, the temperature T, the mechanical displacement u and the velocity v ¼ _u), the test functions and the element
geometry x with the same shape functions Ni. In this approach, Lagrange polynomials of order 2 are used for Ni.
Subsequently, the resulting semi-discrete system of equations is further discretized in time with a continuous Galerkin
method. This method approximates trial functions continuously with polynomials of degree 2 whereas the test functions
are interpolated piecewise by polynomials of degree 1 which are discontinuous across the element boundaries. The contin-
uous Galerkin method belongs to the Petrov Galerkin ﬁnite element methods.
For further information, the reader is referred to our preceding papers (Bargmann and Steinmann, 2005, 2006) where the
applied approach is described very detailed, explaining all steps of the discretization process. An alternative discretization
approach can be found in Bargmann and Steinmann (2008a), in which an incremental variational principle is suggested.
4. Examples
The second sound phenomenon is veriﬁed in, e.g., Bismuth below 3.5 K, see Narayanamurti and Dynes (1972). Bismuth is
a silver-white metal with a pinkish tinge and a multi-colored iridescent tarnish. This brittle metal is one of the few non-toxic
heavy metals and possesses a rhombohedral crystal structure. Bismuth has many outstanding properties. For example, it is
the metal with the highest natural diamagnetism, the highest Hall effect and the second lowest thermal conductivity. More-
over, it is very slightly radioactive and one of the few substances which is denser in its liquid than in its solid phase.
At cryogenic temperatures, phonons are the dominant mechanism for thermal conduction in Bismuth (Narayanamurti
and Dynes, 1972). Although it is elastically a very anisotropic solid, the second sound velocity is independent of the orien-
tation and stated to be 0:78  105 cm=s. The material parameters of Bismuth are stated in Table 1.
Remark on the thermal conductivity: According to Fourier’s law, the thermal conductivity of Bismuth is set to 875 WmK. As
Fourier’s law fails at cryogenic temperatures, the calculation of Bismuth’s thermal conductivity cannot be based on it. Instead
we use the Green–Naghdi-type-II approach as a basis and obtain k1 ¼ 875 WmK  353609 1s2 ¼ 309407904 Ws2mK. Moreover, we
choose k2 ¼ k1=5000.
4.1. Simulation of the experiments of Narayanamurti and Dynes
First, we model the experiments of Narayanamurti and Dynes (1972) which proved the existence of second sound in Bi
for the ﬁrst time. Initially, the one-dimensional specimen of length 9 mm is ﬁxed at both ends and set at an equilibrium
temperature of 3 K. Then, a temperature perturbation of height 1 K is added at the left end of the one-dimensional specimen.
The spatial domain reads B ¼ ½0 mm;9 mm. The external sources are assumed to be zero, i.e., hs ¼ 0 and b ¼ 0. We observe
the temperature development for 11.5 ls. Consequently, the initial and the boundary conditions read:
Initial conditions:Table 1
Materia
Density
Speciﬁc
Therma
Therma
Young’s
Referenuð; 0Þ ¼ 0 8x 2 B; _uð;0Þ ¼ 0 8x 2 B
að;0Þ ¼ 0 8x 2 B Tð; 0Þ ¼ T0 in B
with T0 ¼ 4K at the left end ¼: xl
and T0 ¼ 3K 8x 2 B n xl:l parameters of Bi
q 9780 kgm3
h i
heat c 0.052 WkgK
h i
l expansion coefﬁcient w 6:75 106 1K
 
l conductivity (as based on Fourier’s law) j 875 WmK
 
modulus E 40 109 Nm2
h i
ce temperature T0 3 ½K
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Fig. 2.
This indu ¼ 0 on oB ð0;1Þ
krT  n ¼ 0 on oB ð0;1Þ;where oB ¼ fxjx 2 f0 mm;9 mmgg.
In both simulations, we applied a discretization of 250 spatial and 800 temporal elements. Fig. 1 shows the temperature
solution according to type II. The faster (but smaller) ﬁrst sound wave is driven by the mechanical problem, whereas the
second sound wave is due to the hyperbolic nature of the thermal equation.
Fig. 2 depicts the temperature solution according to Green–Naghdi thermoelasticity of type III. As mentioned above, we
choose k2 ¼ k1=5000. Thus, we add a diffusive heat ﬂux of the Fourier type. Although only 0.02% diffusion is added, the dif-
fusive behavior of the second sound wave is clearly visible.
The second sound velocity of 7:8 104 m/ls corresponds to an arrival time of 11.5 ls at the right end of the 9 mm-bar.
Type II as well as type III perfectly meet this arrival time. The elastic wave is smaller and faster than the thermal one. Its
velocity reads vmech ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
E=q
p ¼ 2:02 105 cm=s.
4.2. Two-dimensional plate
In a second example, we investigate a square with an edge length of 10 mm. It has a homogeneous temperature distri-
bution of 0 K which is disturbed in the middle with a short heat pulse of 10 K. The thermal displacement a is initialized
to be zero everywhere. The development of the temperature is observed for 3.9 ls. The plate is ﬁxed on the entire boundary
and discretized with 20 20 elements, whereas 400 elements are used for the temporal discretization. Fig. 3 illlustrates the
solution of the temperature solution according to the more general type III. Here, we set k2 ¼ k1=100;000, thus only a very
small dissipation is admitted. The isolines are plotted at 0.005 K and 0.05 K in order to show the different velocities of theType II. Temperature is plotted vs. space and time. One can clearly see the existence of two waves. The inertia term of the balance of linear
tum is fully considered, thus a smaller but faster ﬁrst sound wave exists. The bigger but slower one is the second sound. Due to small numerical
ions a streamline-upwind stabilization is added (cf. (Bargmann and Steinmann, 2005)).
Type III. Temperature is plotted vs. space and time. Once more, both waves are clearly visible. Compared to type II, a Fourier type heat ﬂux is added.
uces the diffusive behavior of the second sound wave.
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Fig. 3. Temperature solution according to type III. A heat pulse of 10 K was initiated at the square’s middle. The temperature isolines are depicted at times
t = 0 ls, t = 0.56 ls, t = 1.11 ls, t = 1.67 ls, t = 2.22 ls, t = 2.78 ls, t = 3.34 ls and t = 3.83 ls. The isolines are plotted at values 0.005 K and 0.05 K. One can
clearly distinguish the two different wave speeds of the ﬁrst and the second sound. The one of the ﬁrst sound is faster and induced by the inertia term of the
balance of momentum, whereas the propagation speed of the second sound is smaller and driven by the temperature equation.
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S. Bargmann, P. Steinmann / International Journal of Solids and Structures 45 (2008) 6067–6073 6073ﬁrst and the second sound. At ﬁrst, cf. Fig. 31, only the temperature difference in the middle can be seen. Fig. 32 already illus-
trates the development of two circles. The outer circle indicates the smaller but faster thermal wave induced by the ﬁrst
sound. The inner circle represents the bigger but slower thermal wave, the second sound. The outer circle moves faster than
the inner and detaches from it, see Fig. 3.
5. Summary
Motivated by the fully consistent non-classical theory of Green and Naghdi (1991) and the results achieved so far in the
computational modeling of the thermal and the thermoelastostatic problem (Bargmann and Steinmann, 2005, 2006), we suc-
cessfully extended our approach to thermoelastodynamics. Both, the Green–Naghdi theory of types II and III are capable of
modeling the second sound phenomenon. The different velocities and amplitudes of the ﬁrst and of the second sound are
clearly visible and in very good correspondence with the experimental data of Narayanamurti and Dynes (1972).
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